The finite-rate performance of a quantum heat engine, constructed from a three-level amplifier, is analyzed. 
I. INTRODUCTION
The study of heat engines constitutes a crucial bridge between abstract theory and realizable physical phenomena. It was Carnot's concept of the heat engine which first linked the second law of thermodynamics with the upper bound on the efficiency of steam engines [1] . More recently, macroscopic transport theory has been linked with thermodynamics to provide more realistic upper bounds on the performance of finite-rate thermodynamical processes. "Finite-time thermodynamics" is the new field of research that emerged from such studies. It is concerned with optimizing the performance of processes subject to constraints of finite duration or rate [2] . Finitetime thermodynamics combines three disciplines: thermodynamics, which traditionally lacks the time dimension, transport dynamics, and optimal control theory.
All previous studies in this field (with the exception of Refs. [3 -5] ) based the underlying dynamics on a transport theory which is applicable in the classical regime, i.e. , macroscopic systems at high temperature. For example, the effect of dephasing, which is of fundamental importance for the quantum engine, is absent. The objective of this study is to understand the implications of quantum dynamics on the performance of heat engines. To obtain this goal the dynamics have to be based on the quantum theory of open systems. Consistent definitions of thermodyaamical quantities in terms of quantum observables should then be postulated. This setup constitutes the bridge between quant»m theory and thermodynamics.
The main obstacle is the lack of a closed theory for the relaxation dynamics of systems interacting with intense time-dependent external fields. The relaxation dynam- ics is independent of the external field in the common approach, which corresponds to the limit of weak fields [6] . It will be shown that in order to be consistent with thermodynamics the dissipation must be field dependent. The demand for consistency with thermodynamics is the guide to the construction of simplified field-dependent relaxation equations. These equations are valid when the time scale of the external field is slow compared to that of the bath fiuctuations. The analysis provided here is restricted to the effect of nondiagonal coupling with the heat reservoirs, where the nondiagonality is with respect to the energy representation. Thus the results obtained provide the performance limitations originating from one source of irreversibility, associated with nondiagonal coupling. The neglect of diagonal coupling has the advantage of considerably simplifying the model, allowing a straightforward interpretation of the results. This approach towards the dynamics has two other advantages:
it is based upon a microscopic dynamical theory and is therefore more fundamental, and it is valid outside the vicinity of equilibrium.
In the present work a quantum heat engine is the subject of study. The model is based on a three-level amplifier which can be realized as a heat engine [7] . The present model difFers kom previously studied models of quantum heat engines [3, 4] in the following respects.
(a) Previous models treated four stroke engines of the Carnot type. The working medium consisted of noninteracting spin-j atoms or harmonic oscillators. In each stroke of the engine the working medi»m interacts with one or none of the two heat reservoirs. The engine then produces a net amount of work per cycle. The present quantum engine, on the other hand, uses a continuous mode of operation. This means that each of the reservoirs is coupled to diferent degrees of freedom of the working medium, simultaneously.
In steady state the rate of heat absorption &om the hot reservoir is equal to the net rate of heat dissipated into the cold reservoir and work performed on the work reservoir.
(b) The only source of irreversibility in previous models was due to the finite rate of heat transfer between the working medium and the heat reservoirs. The present model contains an additional source of irreversibility which resides in the coupling to the work reservoir. This source may be interpreted as a genuine type of "quantum &iction. " It is due to the fact that the total Hamiltonian of the working medium does not commute with the interaction term between the working medium and the work reservoir.
The irreversible operation of the amplifier is studied, in the spirit of 6nite-time thermodynamics. It is shown that the power output has maxima with respect to all important control variables: the external 6eld amplitude and frequency, the heat reservoirs' temperatures, and the coupling of the working medium with the heat reservoirs.
The performance of the ampli6er was compared to that of Lamb's semiclassical model of the three-level laser [8] , where the relaxation is 6eld independent. Therefore the deviations &om Lamb's model are due to the infiuence of the time-dependent external field on the relaxation, included in the present model. In particular, power production will eventually decrease for intense fields, due to nonlinear eHects residing in the relaxation terms.
The basic model describing the relation between the three-level amplifier and the heat engine is presented in Sec. II. The linkage between thermodynamical quantities and quantum observable is discussed in Sec. III.
The conditions for steady state operation are described in Sec. IV 
II. THE BASIC MODEL
A generic heat engine [9] consists of four components: the working medium, the power output mechanism, and the hot and cold reservoirs, cf. Fig. 1 . In order to model quantum engines, the quantum realization of these components must be pointed out. For the case of the quantum three-level amplifier these four components are modeled in the following manner [7] .
(a) (b) The power output mechanism is modeled by coupling the two uppermost energy levels of each atom (i.e. , 0) and~1 )), with a classical monochromatic electromagnetic 6eld of circular polarization. The interaction between the field and the atom is represented by the following time-dependent Hamiltonian: HI = e(e * Pi,p+ e' Pp, i), (2 2) where P,~=~i )(j~, ur is the field frequency, and e is a parameter representing the strength of the coupling between the system and the external field. e is proportional to the field's amplitude and will be referred to as "the field's amplitude" in the rest of this paper.
(c) The thermal coupling to the reservoirs is modeled by quantum master equations [10] . The hot reservoir of temperature Th, is coupled to the transition between the extreme energy levels corresponding to~-1) and~l ).
The cold reservoir of temperature T, is coupled to the two lowest energy levels corresponding to~-1) and~0 ) (cf. Fig. 2 H=~p(Pi -P i)+e (Pip+Ppi), (4.2) where new projection operators in the rotating frame have been defined: P;~: -~i )(j~a nd P; = P;; (i, j = -1,0, 1). [10, 14] . Some of the main results of these studies, which are relevant to the present study, are considered below.
It was found in numerous applications that Markovian equations, also known as "quantum master equations, "
provide an excellent description of relaxation phenomena for systems with time-independent free Hamiltonians [6, 8, 10, 15, 16] . Furthermore, Markovian equations can be derived by explicitly carrying out the reduction &om the Hamiltonian dynamics of the extended system, consisting of the system plus reservoir, to the internal dynamics of the system. The reduced dynamics is given by master equations provided the time scale of the bath fIuctuations is much faster than that of the system's relaxation. Such a separation of time scales is valid in the weak coupling limit and the singular bath limit.
The semigroup school [10, 17, 18] provides the basis for a generalized approach towards the description of nonHamiltonian dynamics. In this approach the semigroup condition is axiomatically imposed on the evolution. This means that the evolution will be Markovian and keep the density matrix completely positive. This set of axioms guarantees that the non-Hamiltonian dynamics of the system can be realized by performing the reduction &om a system plus reservoir Hamiltonian dynamics. Lindblad and Kossakowski and co-workers obtained the universal form of the generator for all the possible dynamical semigroup maps [17, 18] 
where T is the temperature of the heat reservoir.
Bloch equations [19] emerge when substituting the spin polarization components, S, S"and S" for X in Eq. The choice in Eq. (5.5) indeed leads the system asymptotically to the correct equilibrium polarization: (S ) = (S") = 0, (S,) = -2 tanh "2T" It should be noted that Bloch equations have been derived &om the reduced dynamics of a two-level system in the limit of weak coupling to the heat reservoir [6, 8] . That 72 is twice as large as 7. q is characteristic of the case of nondiagonal coupling between the system and the heat reservoir. Diagonality in this context is defined with respect to the eigenstates of the free Hamiltonian. Diagonal coupling will add further dephasing, so that 1/r2 --1/(2') + 1/wz, where 1/wz is a pure dephasing term [6, 20] .
Detailed balance provides one constraint imposed on the two rate coeKcients. Since the specific dependence of the rate coeKcients on the field strength is important for the present study, a specific model for the heat reservoirs is adopted. A standard choice is that of reservoirs consisting of uncoupled normal modes. The coupling between the system and the reservoir is assumed linear in the coordinates of the normal modes. For this choice, explicit expressions for the rate coefFicients can be derived in the limit of weak coupling with the reservoir [8] :
where Le = e, -e~a nd Qp,
(P', = (P', ) P' -= (P', ')). [8] . The last term in Eq. (5.6) is just the thermal population of the reservoir oscillator which is in resonance with the corresponding atomic transition. The above expressions for the rate coefficients are also consistent with detailed balance.
VI. THE THERMODYNAMIC INCONSISTENCY OF A FIELD-INDEPENDENT DISSIPATION
The simplest assumption concerning dissipation in the continuous heat engine model would be that the dissipation superoperators, 8& and 8D, are not affected by the presence of the external time-dependent field. In such a case l:~& is constructed to relax the unperturbed two-level subsystem (l -1), l 1) } to thermal equilibrium at temperature T~, and E& to relax the unperturbed two-level subsystem (l -1), l0) } to thermal equilibrium at temperature T,. Lamb's semiclassical model for a three-level laser is based upon such an assumption of field-independent dissipation [8, 21] The source of this inconsistency can be traced back to the fact that the structure of the Hamiltonian of working medi»~is built into the dissipation superoperator, via the detailed balance relations and the creation and annihilation operators. In the field-independent approach, the dissipation superoperator "knows" how to relax a
Beld-free system, while the real Hamiltonian contains an additional term corresponding to the interaction with the field. The nonphysical terms in Eqs. (6.4) and (6.5) emerge from operating with the Beld-independent dissipation superoperator on this term.
It is interesting to note that, under the ass»mptions of the present section, the power in steady state does not have a maximum as a function of the amplitude e. Thus according to Lamb's analysis the power monotonically increases from zero as e increases until it reaches saturation. The rise in power as e increases is due to the increase of the probability for induced emission, which is quadratic in c. The power saturates since the degree of population inversion asymptotically decreases as 1/e [8] D(X) =~+ (2(1IXII) P-i -9'-i»})
2) This approach is by no means general. Its major advantages are (a) it will prove consistent with thermodynamics and (b) it will naturally yield itself for interpretation in terms of the standard theory.
The major limitations of this approach follow. (2) (7. 2) 2 (dp f ldp i z, = -+ -~+ ". (7. 3)
The correlation diagram of the levels is shown in Fig.   3 . Note that although the Hamiltonian is explicitly time dependent, its instantaneous eigenvalues are stationary. However, they do depend on the Geld 
&(Ep -E-~)'("Ã (Eo -E-~)] + I) (7 iO) T = 2' Im(lip p), (7.ii) q, = (E, -E, )(2&, "II,-2&"II, ), (7. i2)
The same value of the working medium-reservoir coupling constant p is chosen for both reservoirs.
The new dissipation superoperators explicitly depend upon the field parameters s and~. The instantaneous creation and anmhilation operators are explicitly time dependent, while the rate coefficients are time independent. This is opposite to the quantum spin and harmonic engine models, where the creation and annihilation operators are stationary and the rate coefBcients are explicitly time dependent [3, 4] . +p" (2(E~X(E ) D -(II,X)), (7.6) ZD (X) = p (2(Ep~X~Ep) II y -(II X)) +p (2(E x iXiE x) . IIp -f IIp, X)).
The ratios of the rate coefEcients now comply with instantaneous detailed balance relations, corresponding to the field-shifted energy levels:
Ii, , = -(r +zz~)ii, , , -zoll, +tell" (7.14) li, ,, = -(r -t. Fig. 6 ). Two factors combine to induce this effect:
(1) As e increases, its relative contribution to the effective component of the Geld, 8, diminishes, while its contribution to the efFective det»~ing, Lu, increases. Fig. 8 ), because the frequency ur' follows the shift of W towards higher frequencies (cf. Fig. 7) . Finally, the oK-resonance behavior is shown in Fig. 9 (8.18) where T, ' and T& are the internal temperatures of the (~E i), [Eo) ) and (~E i),~Ei) ) subsystems, respectively.
If the engine produces power, while heat is being absorbed from the hot reservoir and ejected into the cold reservoir, the internal temperatures must be such that T, & T, ' with thermodynamics does not depend on the specific model used for the reservoir and is nniversal, depending only on the assumption of instantaneous detailed balance. From the microscopic point of view, the reversible limit corresponds to the population inversion threshold, in accordance with the work of Geusic, Schultz-du Bois, and Scovil, Levine and Kafri, and Ben-Shaul and Levine [7] (b) The efficiency does not explicitly depend on the temperatures of the hot and cold reservoirs, and is a monotonically increasing function of e. Its lower bound, 1/2, is reached as e approaches zero. The power and heat input then go to zero at the same rate. To reach the other limit where both the efFiciency and the power are zero, one has to lift the constraint of constant energy difFerence between the subsequent unperturbed energy levels.
(c) The coherences II i 0, Ils i, II i i, and IIi i are zero in steady state. Thus the steady state of the reduced two-level subsystems that interact with the reservoirs is fully given by the populations (i.e., the diagonal density matrix elements). Since those are two-level systems, the population ratio muquely define the corresponding internal temperatures: (8.19) (1) The first interpretation is based on an argnment due to Levine and Kafri [7] . Population inversion in the lasing transition leads to a negative internal temperature. The corresponding population ratio in steady state relates to this negative temperature, which is denoted by T El Eo l (11; /11; )
Thus power production involves entropy production in the working medium, given by 'P/T& & 0 (since both 'P and Tp are negative). The entropy of the working medium is constant in steady state. Thus the entropy production in the lasing transition adds to the entropy introduced into the working medium with the heat absorbed from the hot reservoir, and more heat must be dumped into the cold reservoir in order to maintain the entropy balance. Such an argument leads to the following efficiency:
determined by p, T"andTg, (b) the field's frequencyur; and (c) the fields amplitude -e.
It will be shown that the power has maxima as a function of the above controls. These maxima result from the following conBicts.
(a) Population relaxation is always accompanied by dephasing. As the relaxation rate increases, the pumping and cooling become faster (population relaxation), while the coupling with the field weakens (dephasing).
(b) As the interaction intensifies, the probability for field-induced transitions increases (at least for the lowfield domain, cf. Sec. VIII), while the levels are shifted so that the pumping and cooling become slower.
(c) As e becomes larger its contribution to the effective component of the Geld diminishes.
(d) As e becomes larger, the energy released by the system per a single transition increases, while the net number of such transitions diminishes.
A. power optimisation with respect to the coupling parameter (p) and the heat reservoirs' temperatures (T, and Tq)
which is identical to the efficiency found in Eq. (8.4).
(2) Although consistent, the above interpretation is problematic in the following sense: the lasing two-level sub-system is not really in internal equilibrium, corresponding to a negative internal temperature, since the corresponding coherences, IIq0 and IIO q, are not zero in steady state. Furthermore, the whole mechanism of power production depends heavily upon the existence of these coherences [cf. Eq. (7.11)]. The following interpretation is therefore suggested: Finite power production requires Gnite coherence in steady state; the latter are constantly subject to thermal dephasing which destroys the coherence, unless some of the power is constantly invested to maintain it; the portion of power invested for this purpose is therefore constantly dissipated and ejected into the cold reservoir as heat. The power lost due to this source of irreversibility is given by the heat flux from hot reservoir multiplied by the difference between the endoreversible efBciency and the actual eKciency:
A direct observation of the interplay between population relaxation and dephasing is obtained when the coupling parameter p is chosen as the control. p, determines the strength of coupling between the working medium and the heat reservoirs. It plays a role analogous to that of the heat conductivity in Newtonian heat engines.
The normalized power as a function of y, is plotted in Fig. 11 The same efFect is viewed by looking at the power as a function of the temperatures of the heat reservoirs-T, and Tj, . In Fig. 12 The optimal frequency,~' , is shifted towards even higher frequency, by I 2/~p. This is due to the fact that the efFective amplitude, e, in the numerator of Eq. (8.5), also depends on u.
The normalized power is plotted as a function of (d in Fig. 13 , for difFerent values of the 6eM amplitude. Figure 13 gives the characteristic line-shape function at the ampli6er output. As e increases, the field intensi6es, and the line broadens. This is an e8eet similar to power broadening in absorption spectra. Note that since the rate coefBcients are field dependent the functional dependence of the line shape on the field amplitude is more complicated than that obtained in the standard theory.
C. Poacher 
X. DISCUSSION
In the present work, thermodynamic consistency was utilized as the fundamental guide in the construction of quantum relaxation equations for a system subject to time-dependent external fields. It was shown that thermodynamic consistency requires that the relaxation terms become field dependent. Explicit simplified fielddependent relaxation equations were constructed for a three-level amplifier. The special interest in this system is due to the fact that it may be realized as a heat engine. The steady-state solution of these equations was found to be considerably difFerent in comparison with that obtained from the standard theory, where the relaxation is assumed to be field independent. The deviations are most pronounced for intense fields. Their most important manifestations were found to be the following.
(a) The steady-state power production has a maximum as a function of the field amplitude. In contrast to the steady-state power obtained from the standard theory which saturates as the field intensifies.
(b) The "resonance frequency, " i.e. , the frequency for which the transition probability, and therefore the power production, are maximized, is field dependent. The resonance frequency in the standard theory is just u = us. Utilizing also be noted that once the constraint on the energy spacing is removed they become admissible controls [3, 4] . The limit where both power and efficiency are zero, the "short-circuit" limit, can then be obtained.
The present study has many similarities to the previous model of a continuous heat engine constructed from two harmonic oscillators of frequencies u and urs [5] . The work reservoir in that model consisted of a rotating field of the resonance frequency v = ur -(us. It was found there that in order to obtain thermodynamic consistency the relaxation terms had to be field dependent. In both Ref. [5] and the present study, field-dependent relaxation equations were constructed, rather than derived, following the basic demand of consistency with thermodynamics. In both cases that demand led to the assumption of instantaneous detailed balance.
The other manifestation of the field's presence is the mixing of eigenstates coupled by the field. In the present work, this effect was dealt with by using creation and annihilation operators based upon the instantaneous, mixed, energy eigenstates. In Ref. [5] , however, relaxation terms of the general semigroup type, mixing the creation operator of one dressed normal mode with the annihilation operator of the other, were utilized. The main difFerence between the two approaches is made clear when one of the heat reservoirs, say the cold reservoir, is decoupled. In such a case, the system will asymptotically approach different stationary states: The two dressed normal modes in Ref. [5] reach thermal equilibrium with the hot reservoir, while in the three-level atom of the present work the populations in~E i) and~E i) reach thermal equilibrium with the hot reservoir and the population in~E e) is equal to that in~E i).
The asymptotic behavior in Ref. [5] is what one would expect Rom a system arith stationary internal coupling, where only one part of the system is directly interacting with the heat reservoir [23] . However, the coupling in the present study is explicitly time dependent, unless the field is included in what is defined as "the system. " To rigorously do this, one has to treat the field as a quantum entity, which is not done in Ref. [5] . The remedy to this seeming contradiction is found in using the dressed-state
